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Problems I Continuous and Mixed Random Variables 


4.4 End of Chapter Problems 

Problem 1 

Choose a real number uniformly at random in the interval [2, 6] and call it X. 

a. Find the CDF ofX, Fx{x). 

b. Find EX. 


Problem 2 

Let X be a continuous random variable with the following PDF 

X > 0 

otherwise 

where C is a positive constant. 

a. Find c. 

b. Find the CDF ofX, Fx(x). 

c. Find P{2 < X < 5). 

d. Find EX. 


fx(x) = 


0 


Problem 3 


Let X be a continuous random variable with PDF 


fx(x) 


x 2 + j 0 < cc < 1 

0 otherwise 


a. Find E(X n ), for 71 — 1, 2, 3, • • •. 

b. Find the variance of X. 


Problem 4 

Let Xbea UTli f orm(0, 1) random variable, and let Y — e 
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a. Find the CDF of Y. 

b. Find the PDF of Y. 

c. Find EY. 


Problem 5 


Let X be a continuous random variable with PDF 


fx(x) 


^x 4 0<x<2 

0 otherwise 


and let Y — X 2 . 

a. Find the CDF of Y. 

b. Find the PDF of Y. 

c. Find EY. 


Problem 6 

Let X ~ Exponential^ A), and Y — aX, where a is a positive real number. Show 
that 


Y Exponential 



Problem 7 

Let X ~ Exponential A). Show that 

a . EX n = lEX n ~ l Xovn = 1,2,3,- - 

b. EX n = ^,for n = 1,2,3, - - 


Problem 8 

Let X ~ iV(3, 9). 

a. Find P(X > 0). 

b. Find P{~ 3 < X < 8). 
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c. Find P(X > 5 X > 3). 


Problem 9 

Let X ~ iV(3, 9) and y = 5 — X. 

a. Find P(X > 2). 

b. Find _P( — 1 < Y < 3). 

c. FindP(X> 4|y <2). 


Problem 10 

Let X be a continuous random variable with PDF 

1 x 2 

fx(x) — _ e~ 2 for all x G M. 

v 27T 

and let Y — ^/[Xj . Find fyiv)- 


Problem 11 


Let X ~ Exponential (2) and Y — 2 + 3X. 

a. Find P(X > 2). 

b. Find py and V" ar(Y ). 

c. Find P(X > 2\Y < 11). 


Problem 12 

The median of a continuous random variable X can be defined as the unique real number m 
that satisfies 


P(X > m) = P(X < m) = i. 

2 

Find the median of the following random variables 

a. X Unijorm{a , 6). 

b. y Exponential A). 

C .W ~ N(p,ct 2 ). 
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Problem 13 

Let X be a random variable with the following CDF 



for x < 0 
for 0 < x < \ 

for j < x < \ 
for x > j 


a. Plot Fx (tc) and explain why X is a mixed random variable. 

b. Find P(X < 

c. FindP(X> \). 

d. Write CDF of X in the fonn of 


F x (x) = C(x) + D(x), 

where C(x) is a continuous function and D(x) is in the form of a staircase function, 
i.e., 

D(x) = ^2 aku{x - x k ). 

k 

e. Find c(x) = j^C{x). 

f. Find EX using EX J—oo xc(x)dx + Z'kQ'k 


Problem 14 

Let X be a random variable with the following CDF 

0 for x < 0 

x forO < x < j 

x + j iovj<x<\ 

1 for x > ^ 

a. Find the generalized PDF of X , fx {x). 

b. Find EX using fx( x )- 
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c. Find Var(X) using fx{ x )- 


Problem 15 

Let X be a mixed random variable with the following generalized PDF 

fxix)= 1 -S( x + 2 )+ 1 -6 {x -l )+ 1 -J=e-l. 

a. Find P(X — 1) and P(X — — 2). 

b. Find P(X > 1 ). 

c. Find P(X = 1\X > 1). 

d. Find EX and Var(X). 


Problem 16 

A company makes a certain device. We are interested in the lifetime of the device. It is 
estimated that around 2% of the devices are defective from the start so they have a lifetime of 
0 years. If a device is not defective, then the lifetime of the device is exponentially distributed 
with a parameter A = 2 years. Let X be the lifetime of a randomly chosen device. 

a. Find the generalized PDF of X. 

b. Find P(X > 1). 

c. Find P(X > 2\X > 1). 

d. Find EX and Var(X). 


Problem 17 


A continuous random variable is said to have a Laplace^/l, b ) distribution [14] if its PDF 
is given by 


M x ) = 26 ex Pl ~ 


x ~ fi\ 



if x < p, 
if x > /i 


where /i G 1 and b > 0. 
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a. if X ~ Laplace{ 0,1), find EX and Var(X). 

b. if X ~ Laplace( 0, 1) and Y — bX + p, show that Y ~ Laplace(p, b ). 

c. Let Y ~ Laplace(p, 6), where /t G 1 and b > 0. Find £71^ and Var(Y ). 


Problem 18 


Let .X Laplace( 0, 6), i.e., 


/.vD 


^ exp 





where b > 0. Define Y — X . Show that Y ~ Exponential (-f) . 


Problem 19 

A continuous random variable is said to have the standard Cauchy distribution if its PDF is 
given by 

1 

7r(l + X 2 

If X has a standard Cauchy distribution, show that EX is not well-defined. Also, show 

EX 2 = oo. 



Problem 20 


A continuous random variable is said to have a Rayleigh distribution with parameter <7 if its 
PDF is given by 


where <T > 0. 


fx(x) = -^-e x ~ /2a2 u(x) 

(J A 

f JL e -x 2 /2* 2 if x > 0 

| 0 if x < 0 


a. if X ~ Rayleigh(cr) , find EX. 

b. If X ~ Rayleigh(a ), find the CDF of X, Fx (tc). 
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c. ifX ~ Exponential(1) and Y — \J2a 2 X, show that Y ~ Rayleigh(a). 


Problem 21 


A continuous random variable is said to have a Pareto(x m , Ct) distribution [15] if its PDF 
is given by 


fx(x) 


fo*x>x m 
0 forte < x m 


where x m ,a > 0. Let X ~ Pareto(x m ,ct). 

a. Find the CDF of X, Fx(x). 

b. Find P(X 3tC m |X ^Xyyi^- 

c. if a > 2, find EX and V ar(X ). 


Problem 22 

Let *Zi ~ JV(0,1) . If we define X = e a Z+^ ? then we sa y that X has a log-normal 
distribution with parameters fl and cr, and we write X ~ LogNormal ((i , cr). 

a. If X ~ LogN ormal (fl, cr ), find the CDF of X in terms of the $ function. 

b. Find EX and V ar(X). 


Problem 23 

Let X]_, X 2 , • • *, X n be independent random variables with X{ ~ Exponential^ A). 
Define 


Y = Xt + X 2 + • • • + X n . 

As we will see later, Y has a Gamma distribution with parameters n and A, i.e., 

Y ~ Gamma(n, A) . Using this, show that if Y ~ Gamma (n, A), then EY — ^ 

and Far(y) = 4 . 7 
A 


<— previous 
next —> 
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